ABSTRACT. An example is constructed of a topologically complete separable AR X that satisfies the discrete n-cells property for each nonnegative integer n but fails to satisfy the discrete approximation property and be homeomorphic to s even though X arises as the complement of a a-Z-aet in a locally contractible compactum.
Introduction.
The purpose of this note is to present a simple example of a fake s-manifold that shows that the main result of [Bowi] cannot be generalized from the setting of absolute neighborhood retracts (ANR) to the setting of locally contractible spaces. The main result of [Bowi] is that a space X satisfying the discrete n-cells property for each nonnegative integer n is equivalent to the space satisfying the discrete approximation property, provided X arises as the complement of a o-Z-set in a locally compact separable ANR. That some extra hypothesis on X is necessary is shown by examples constructed in [BBMW] of topologically complete separble ANR's that satisfy the discrete n-cells property for each nonnegative integer n yet fail to satisfy the discrete approximation property and fail to be s-manifolds. We apply the technique developed in [BBMW] to construct our example, the starting point of which is Borsuk's construction [Bor, Hu] of a locally contractible compactum that is not an ANR.
A map is a continuous function and id^ denotes the identity map on a space X. A closed subset A of a separable metric space X is a Z-set in X, provided for every open cover U of X there exists a map a: X -y X -A ¿/-close to idx-The subset A is a strong-Z-set, provided, in addition, the map a can be chosen so that the image of a misses a neighborhood of A. If X happens to be locally compact as well, then Z-sets are always strong-Z-sets; however, this is not true in general [BBMW] . A countable union of Z-sets is called a o-Z-set. For a nonnegative integer n, a space X is said to satisfy the discrete n-cells property if for each countable family of maps /¿: In -> X, i = 1,2,..., of the n-cell to X and open cover U of X, there are Zi-approximations g¿: In -y X, i = 1,2,..., such that the collection {<7t(.fn)}£ii is discrete (each point in X has a neighborhood that meets at most one member of the collection). A space X is said to satisfy the discrete approximation property if for each countable family of maps /¿:I°° -*X,i = l,2,...,ci the Hubert cube to X and open cover U of X, there are ¿/-approximations g»: 7°° -+ X, % = 1,2,..., such that the collection {gi(I°°)}iZi is discrete. For the importance of the discrete properties in the topology of s-manifolds (manifolds modeled on s, the countably infinite product of open intervals (0,1)), see [BBMW, To, Bowi] .
I am indebted to Tadeusz Dobrowolski for asking me whether or not the main result of [Bowi] holds in the setting in which he was working, that of locally contractible spaces. Also, I express my sincere appreciation to Doug Curtis for his (as always) helpful advice and suggestions.
2. The example. For a point x in the Hubert cube 7°° = riSiK*'!]»' x(i) denotes the z'th coordinate of x. Let Boo = {x € 7°° | x(l) = 0}, which is a homeomorphic copy of the Hubert cube, and for each positive integer k let Bk be the fc-cube contained in 7°° that consists of the points x E I°° that satisfy
Define subspaces C and dC of 7°° as follows:
where dBk denotes the boundary (k -l)-sphere of Bk-The subspace Boo U dC is Borsuk's example of a locally contractible compactum that is not an ANR [Bor, Hu] . Let D be the following subspace of 7°° x [0,1]:
D is a topologically complete separable AR (by [KL or Hy] ) and B = Boo x {0} is a Z-set in D. In fact, the same arguments used in [BBMW, §5] 
EXAMPLE. (Dxs)b is a topologically complete separable AR that satisfies
the discrete n-cells property for each nonnegative integer n but fails to satisfy the discrete approximation property. However, (D x s)b has a nice locally contractible compactification in the sense that (D x s)b is the complement of a o-Z-set in a locally contractible compactum.
For the proof of the claims of the example, we need the following lemma, whose proof involves a straightforward construction and is left as an exercise for the reader. Choose t so small that if r denotes the retraction of Lemma 2.2 with a, ß = n + 1, and t, then the distance between x 6 Ba+n+i x {0} -h~l(J?) and h~1oroh(x) is less than 2e. Since 7n is n-dimensional, we assume that the image of each fi misses /i_1(JtQ), and by applying h~1orohweobtain 2e-approximations f[ to fi such that /¿(7n)n50+n+i
x {0} is contained in dBa+n+i x {0} for each i. well-defined map of (D x I°°)B into (75 x 7°°)b whose image misses (Boo x (0,1]) x 7°°. If U is a small enough neighborhood of B and r is close enough to idjj, then / will be as close to the identity on (7? x I°°)b as we wish; hence, (J5oe x [t, 1}) x 7°° is a Z-set in (75 x 7°°)b.
